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Abstract The Hawking radiation from charged Kerr black hole via the method beyond
semi-classical approximation is studied. In our work, we apply the WKB approximation
method and the quantum tunneling method, then calculate the tunneling rate and further
correct Hawking entropy to charged Kerr black hole. It is shown that the result is still in
agreement with the unitary theory, the entropy of the black hole contains three parts: the
usual Bekenstein-Hawking entropy, the logarithmic term and the inverse area term. Apart
from coefficients, our correction to the charged Kerr black hole entropy is consistent with
results of loop quantum gravity.
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1 Introduction

Black hole, is one of objects in universe, although it isn’t proved directly nowadays, it exists
truly. So it is very interesting to investigate the black hole. Since 1974, Hawking has made
a remarkable discovery that a black hole can radiate thermally. Hawking radiation has at-
tracted many people’s attention and many methods have been brought forward to derive it
[1-17]. Above all, the most simpliest method is the semi-classical quantum approach mod-
eling Hawking radiation as tunneling effect, which was proposed by Kraus and Wilczek, and
was also developed by a lot of researchers [13-26]; and on basis of them, Ryan Kerner and
R.B. Mann et al. proposed Hawking radiation from black hole beyond semi-classical ap-
proximation, making the method further investigated and developed. Hawking radiation is
radial result from quantum effect of black hole, we can obtain black hole tunneling rate and
Hawking temperature. After this method succeeded, many people also probed tunneling rate
and Hawking temperature of black holes. Ryan Kerner and R.B. Mann investigated fermi-
ons tunneling of rotating and charged Kerr-Newman black hole Hawking radiation; Chen
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et al probed tunneling radiation of charged dilatonic black hole at de Sitter horizon; Zhang
studied spherically symmetric black hole quantum tunneling and black entropy correction;
Li et al. discussed tunneling radiation from BTZ black hole and Kerr black hole; Jiang et al
researched on fermions tunneling from 5-dimensional black hole.

These results above help to develop black hole physics. However, in these researches,
they omitted charged Kerr black hole quantum tunneling and its entropy correction. Because
many tunneling theories based on semi-classical approximation, what people can obtain
is just approximate conclusions, the effect of some terms which have i as multiplicator
has been ignored in solving the Hamilton-Jacobi equation. In order to solve this problem,
Banerjee and Majhi put forward a new method to research the black hole tunneling radiation
beyond the semi-classical approximation in 2008, they finally obtained corrected Hawking
temperature and corrected black hole entropy. Zhang obtained corrected black hole entropy
using quantum tunneling method; Lin et al investigated fermions tunneling from charged
static Reissner-Nordstrom, then got corrected Hawking temperature and corrected black
hole entropy, and they further developed Banerjee and Majhi’s theory; However, in these
researches, they pay little attention to corrected entropy problem about charged Kerr black
hole. In our work, we further study charged Kerr black hole, and obtain corrected entropy of
charged Kerr black hole. In other words, we investigate axial symmetric charged Kerr black
hole tunneling beyond semi-classical approximation, and we finally obtain tunneling rate
and corrected entropy of charged Kerr black hole. This work makes the theory about black
hole more complete and more harmonious.

2 Charged Kerr Black Hole Tunneling and Corrected Entropy

Charged Kerr black hole metric in Boyer-Lindquist coordinate system can be expressed
as [3]:

2Mr — Q?
z

ds* =di* — (df —asin®0d)’ — %drz — Xd6* — (r* +a*)sin*0d$*> (1)
where ¥ =72 4+ a%cos?0, A =r>+a®>+ Q> —2Mr.

The specific angular momentum a = J/M is kept as a constant through this paper. Via
Painleve-type coordinate transformation and dragging coordinate transformation, we can
obtained the desired 3-dimensional dragged Painleve-Kerr-Newman metric as follows.

A generalized Painleve-type coordinate transformation:

_ 2 2 2
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The dragging coordinate transformation:

. a(r’ +a*—A)
(P2 +a?)? — Aa?sin® 0

dé “

@ Springer



Int J Theor Phys (2010) 49: 1781-1787 1783

According to (1)—(4), we can obtained the desired 3-dimensional dragged Painleve-Kerr-
Newman metric as follows:

a2 AX 2 z 2
§°= ——di” — ———dr
(r?2 +a?? — Aa?sin“ 0 r’+a
\/(2Mr — 0)(r* +aH)x
(r2 4 a®)? — Aa?sin®6

dtdr — £d0? 3)

According to de Broglie’s hypothesis and the definition of the phase (group) velocity, the
outgoing particle that can be considered as a massive shell corresponding to a kind of ‘s-
wave’.
After coordinate transformation, we finally obtain charged geodesic in the radial direc-
tion [3]:
_ ﬂ _ 8 _ A (6)

dt 2glr 2(,«2 + 612) 1— rziaz

where A =72 +a”? + Q% — 2Mr. Note: to include the particle’s self-interaction effect after
the charged particle emission, the mass and charged parameters in (5) and (6) should be
replaced M and ¢ with M — w and Q — ¢ to describe the motion of the particle correctly.

In the following discussion, we further consider tunneling process of a radiation particle.
Parikh and Wilczek applied the WKB approximation to calculate the emission rate of a
tunneling particle (s-shell). Applying Zhang’s method [27], we investigate the tunneling
process of a massive particle, starting with the WKB method and the barrier penetration.
Schrodinger’s equation for the motion of a particle in a centrally symmetric field is given
by:

VU + Qm/EH)(E - U)W =0 7
Considering the following radial equation:

1 i( zd_R) 1+1)

—2 r
r’dr dr r?

R+—(E Ur)R=0 (®)

By the substitution:

R(r)=X(n)/r )
equation (8) is equal to the form:
d’x 2 I+1
= [’"(E U())—(+)] ~0 (10)
r l"

For s-wave, 1 = 0, the equation X (r) is:
d*x 2m
WJF ﬁ(E—U(r)) X=0 (11)

Considering the self-gravitation reliably the tunneling particle as a spherical shell, in the
Parikh- Wilczek framework. In this way, when it emits from the black hole, the matter grav-
ity system transits from one spherical state to another, the de Broglie wave function of
emission spherical shell is:

V(r)=X@r)/r (12)
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The WKB wave function of a particle can be written as follows:

1 iS(r)
V(r)=X(r)/r =—exp (13)
r h
where
h n\?
S(r) = So(r) + n Si(r) + n S(r)+--- (14)
Substituting (13) into (11) yields:
So = :t/p,dr (15)
28,5, + 5 =0 (16)
28085+ (SD*+ 87 =0 (17)

where a prime denotes differentiation with respect to r.

To evaluate the probability of a particle passing through the barrier, we divide the whole
region of motion of the particle by two tunnelling points A and B into three parts: ingoing
and reflecting region, barrier region and the outgoing region. The particle can move freely in
ingoing and outgoing, but barrier region is classically inaccessible. The WKB wave function
is from reference [27].

The probability of barrier penetration is:

r = = =—ce
P i T Wl T vXn@ja? 2

jaur U|\I'laur|2 U(Xoul(b)/b)2 a2 2III1S0
= = = =— — (18)
h
Let’s calculate the phase space factor corresponding to the charged Kerr black hole tunnel-
ing.
For charged Kerr black hole, we can easily obtained the canonical momentum p, and the
imaginary part of the action ImSy:

Pr dH : ’
P,=/ dP;=/_-=_i”'r = )
0 r '
p__dr _ __su _ A
where /' = 7 = — it = 2024a?), [1- 55
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mS, = pdr = —< AT TN
) i p 3 f 2 A;

The probability of barrier penetration is:

r =ﬁexp R . | @ N\ina

" h 4h h !
A (7€ \ina Q1)
4n h

In this paper, we investigate the transition of the matter-gravity system from one spherical
state to another at the same energy. The transition corresponds to the production and barrier
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penetration of the massive spherical shell. In other words, this process contains two stages.
The first stage is the production of the spherical shell from the vacuum fluctuation near the
event horizon. The second stage is the barrier penetration. So, the rate of transition from the
initial spherical state to the final spherical state is:

r'(— f)=T,-T,=T Ar (7 _ \ina A (" _ \ina

i =l by =Teexp | 20+ Sl I PR e
=T X ﬂ_}. lnﬁ — ﬁ_}. lnﬁ (22)
T [P\ gy T Y, an "My

where g = TZ — 1 is a constant.
Let’s compare (22) with the unitary result in Quantum Mechanics, I'(i — f) = |M/; 2.
(phase space factor, detailed process is from reference [27]. |M ;|? is the probability ampli-

tude of the process, this case is related to the process of the first stage. Thus, we have

Ny €% Sp—S;
Phase space factor = — = —— = £ (23)
i e
we naturally obtain the expression of the charged Kerr black hole entropy to the first order
correction

S;="2 4t oyin L (24)

3 Second Order Correction to Charged Kerr Black Hole Entropy

Let’s calculate the tunneling rate to the second order approximation. In order to get the
second order correction of the black hole entropy, we write the WKB wave function to the
second order approximation.

X(r) = exp[iSO(r) £8,0) + ?Sz(r):l (25)
Where
[ SRS
S, = / 2 (26)

It is similar to the treatment in Sect. 2, we can obtain the wave function of ingoing and
reflecting region, barrier region and the outgoing region, and get the expression of S, (r).
The expression of S,(r) in ingoing and reflecting region is:

A S/Z S//
S, = / _%m (27)
r 0

The expression of S,(r) in barrier region is obtained as:

r (S{2+Si/)
Sy = ————d 28
2 /A ZS{) r (28)
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The expression of S,(r) in the outgoing region is:

B S/Z W
52=/ _BrES) +, D gy (29)
4 28,

In ingoing and reflecting region, the ingoing flux density is

) . 0 1
Jin = (WM W,,, - W,-ng%n> Uhﬁ | - (30)
In the outgoing region, the outgoing flux density is
. —zh a 2
Jour = 1pout waut 1//0,4; ar 1y//nut U|w0m| — eXp[hnSO I ImS2] (31)
Thus, we have
r = Jou A? 2 ImS, — H*ImS (32)
= = —ex mSy — A Im
jin 32 P~ h 0 :
For charged Kerr black hole tunneling, in classically inaccessible region, we have
r?+a? r? —a?
Sp=p,=—i , Sy = —i , 33
0o=2 i p 0 i ) (33)
1 S// 2_ 2 —4 _ 44
Si=—5 = Si'—% (34)
2.8, 2r(r? +a?) 2r2(rr 4+ a?)
From (29) we can easily obtain
1 i 3r*—10 —a*
Sy =— (512 + Si/) __t. M (35)

28, 8 r(r2 +a?)?3

Thus

o i S 1 Ao 127 Ay
S=| Sdr=—{|—"—+—m(1- -
ri 8 Af-‘rA() 2a? Af+A0 (Af+A0)2

S5t + 1 1 1 AO 127TAO (36)
4 = (1= _
Ai+ Ay 2a? A; + Ag (A; + Ap)?
where Ay = 4ma? is a constant.
Substituting (22), (35) into (32) and considering

LG— f)=I|My |> (phase space factor) (37)
yield:

phase space factor
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Comparing (38) with (23), we get the expression of the charged Kerr black hole entropy to
the second order correction:

o An o An B ST 1 Ao 127 Ao 9
— n— _ — — In - -
T an TNy T At Ay 242 Ag+A;  (Ay—+ Ap)?

where « is constant.
The result is consistent with the unitary theory, but is also in agreement with the general
formulation of the black hole entropy. The tunneling rate is

(i — f)~elS (40)

4 Conclusion

Our work shows that the result we obtained is consistent with the unitary theory. The
entropy of the black hole will contain three parts: the usual Bekenstein-Hawking en-
tropy, the logarithmic term and inverse area term. In our conclusion, our correction to the
black hole entropy is consistent with that in loop quantum gravity, apart from coeffici-

ent. The result is also agreement with the general formulation of the black hole entropy.
2
Sq = 4AT§’ 4+ aln 21—*2’ + O(/i—pH) + const. However, that the second order correction to charged
Vi
Kerr black hole entropy is not easily enough. So, we will study further in another paper. The
result is very important to realize the black hole.
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